We report on the measurement and characterization of power to frequency conversion in the resonant mode of a cryogenic sapphire loaded cavity resonator, which is used as the frequency discriminating element of a loop oscillator circuit. Fluctuations of power incident on the resonator leads to changes in radiation pressure and temperature in the sapphire dielectric, both of which contribute to a shift in the resonance frequency. We measure a modulation and temperature independent radiation pressure induced power to frequency sensitivity of -0.15 Hz/mW and find that this is the primary factor limiting the stability of the resonator frequency.
A Cryogenic Sapphire Oscillator (CSO) [1] [2] [3] uses a Sapphire Loaded Cavity (SLC) resonator as the frequency discriminating element of a Pound lock loop [4] to generate a microwave frequency output signal. The fractional frequency stability of a CSO output at 11.2 GHz is state-of-the-art for integration times up to 10 3 seconds and is rivaled only by microwave signals generated through optical-comb division [5] for short integration times (up to 5 seconds). It has been speculated [2] that the intrinsic noise of the oscillator Pound lock electronics limits the CSO performance over short integration times (up to 10 seconds) while fluctuations of the power incident on the resonator limits stability for integrations times from 10 seconds onwards, until the longer term effects of frequency drift due to ambient temperature cycles become dominant. Recent work [3] reported that the frequency stability at 1 second integration time appeared to be independent of the level of power incident on the resonator (from 0.1 mW to 0.8 mW) and decreasing the level of power incident on the resonator lowered the flicker noise floor encountered around integration times of 10 3 seconds. In an effort to understand what currently limits the frequency stability of a CSO, we have investigated how power fluctuations in the cryogenic SLC are converted into frequency fluctuations of the resonant electromagnetic mode.
The SLC (Fig. 1 ) features a HEMEX grade cylindrical sapphire crystal with a diameter of 51.0 mm and a height of 30.0 mm. A spindle protrudes from the central axis of the crystal and is used to clamp the sapphire inside a silver plated copper cavity, which is cooled to cryogenic temperatures in a low vibration pulsed tube cryostat [6] . A sensor and heater embedded in the copper post are used to control the temperature. Microwave magnetic * stephen.parker@uwa.edu.au loop probes excite standing wave patterns, known as Whispering Gallery (WG) modes in the crystal with the majority of the electromagnetic energy confined within an outer ring of the sapphire. This high level of field confinement combined with the low loss tangent of sapphire at cryogenic temperatures results in electrical quality factors of the order 10 9 . Small concentrations of paramagnetic ions in the sapphire create a temperaturedependent magnetic susceptibility in the material [7] . The resonance frequency of the WG mode is dependent upon both the susceptibility and the permittivity of the dielectric crystal. At temperatures below 15 K the magnitude of these dependencies are similar but their signs are opposite, this creates a frequency-temperature turning point where the resonance frequency of the SLC is first order insensitive to temperature variations.
Fluctuations in the power incident on the sapphire cre-ate fluctuations of the SLC resonance frequency via two mechanisms. The first is due to a change in the stored energy density, and hence radiation pressure, in the sapphire causing a strain induced shift in the dielectric constant and thus the resonance frequency [8] . The second arises from the change in power heating or cooling the crystal leading to frequency shifts as discussed earlier. The magnitude and sign of the power to frequency conversion efficiency, ∂f /∂P , due to changes in radiation pressure was measured with a previous generation of CSO [9] , where the resonator was cooled using a liquid helium bath in a large dewar. By altering the power incident on the resonator and monitoring the change in heater power in the resonator temperature control system the change in power dissipated in the resonator can be inferred. The corresponding frequency shift was measured by either probing the resonance with a swept signal generated by an externally referenced synthesizer or by monitoring the beat frequency (on the order of kHz) of the output of two loop oscillators, with one oscillator using the resonator under test as the frequency discriminating element of the Pound lock loop. The experiment was performed using discrete power shifts ranging from less than 1 mW to 20 mW, with the maximum amount of power dissipated in the resonator never exceeding 20 mW. These are relatively large levels of power compared to the typical level of power incident on a CSO resonator (≈ 0.1-0.2 mW). The values of ∂f /∂P obtained are for long time scales where the CSO frequency stability is limited by ambient temperature fluctuations. The current generation of low vibration pulsed tube cryocooler CSOs also utilize a different resonant mode in the SLC and thus have a different frequency sensitivity to radiation pressure changes. In order to measure ∂f /∂P for the current resonant mode over a range of Fourier frequencies at lower power levels and to determine if the radiation pressure induced frequency shift is both temperature and frequency independent a measurement technique was developed. It is possible to calculate the expected radiation pressure induced frequency shift for a specific resonant mode of the SLC, which for the current iteration of the CSO is a WGH 16,0,0 mode where over 96% of the electromagnetic energy is contained in the dominant electric axial field. The energy, or power, of the field is distributed around the effective mode volume (V ) and exerts pressure parallel to the crystal axis (z) causing it to strain, such that
where Y is the appropriate Young's modulus. Strain in the sapphire dielectric changes the permittivity and hence the resonance frequency. This is an anisotropic effect and for an axial strain the resulting frequency shift is given by [10] ∂f /∂z = f z where ν is Poisson's ratio for sapphire (0.3), P ǫr and P ǫz are the radial and axial electric filling factors, K ǫ is the fractional change in dielectric constant per unit deformation and P r and P z are the dimensional filling factors. Combining Eq. (1) and (2) and noting that for the WGH 16,0,0 mode P ǫr ≈ P z ≈ 0 and P ǫz ≈ P r ≈ 1 gives
which is the radiation pressure induced power to frequency conversion of a WGH mode. Given that [10] K ǫz = 4.2, we calculate a radiation pressure induced power to frequency sensitivity of -0.2 Hz/mW for the SLC under test. This process can be repeated to derive the sensitivity of a WGE mode which was used in previous CSO designs, where the radial electric field is dominant. We obtain the same expression as found by Chang et. al. [9] only without the factor a which we suspect was included due to a misinterpretation of earlier work by Braginsky et al. [8] . Due to the anisotropic strain/frequency behavior of sapphire the WGE modes are inherently more sensitive to radiation pressure effects by a factor of approximately 1.4 compared to WGH modes, assuming that the effective mode volumes, quality factors and appropriate filling factors remain constant. The power to frequency sensitivity, ∂f /∂P , of a WGH mode SLC was measured using the arrangement shown in Fig. 2 , which is the schematic of a typical CSO with the components that would normally form the power control system being used instead to perform this experiment. An arbitrary waveform generator (DDS) supplies a sine wave of fixed amplitude to the bias of a Voltage Controlled Attenuator (VCA), creating a power modulation, ∂P , incident on the resonator. This induces frequency variations at the output of the loop oscillator circuit that are of a larger magnitude than the intrinsic fluctuations of both the conventional CSO and a synthesizer externally referenced to a 10 MHz H-maser. The frequency of the beat note between the CSO and the synthesizer is recorded via a frequency counter along with the power incident on an amplitude detector (AD1) prior to entering the SLC, the temperature at the copper post of the cavity (see Fig. 1 ) and the heater output of the temperature control system. The readout mixer and frequency counter are immune to amplitude modulation of the CSO output. By computing the Allan deviation of the fractional frequency stability of the beat, we can infer the frequency shift induced by the sine wave modulated power by looking at the beat frequency stability at the integration time corresponding to the period of modulation. Using this method we can measure frequency shifts for modulation frequencies up to 0.1 Hz, which is an upper limit imposed by the frequency counter and data acquisition systemthe bandwidth of the Pound system would allow for measurements of modulation frequencies up to tens of Hz. One possible drawback of this approach is that the VCA will induce residual frequency fluctuations as it does not generate a "pure" amplitude modulated signal, however for the low modulation frequencies used in this experi- ment the gain of the Pound frequency control system is sufficiently high enough to suppress this unwanted source of frequency modulation. Performing measurements with the SLC temperature control on and off enables the calculation of independent values of ∂f /∂P due to radiation pressure effects and temperature effects.
Initial data was taken with the SLC temperature control deactivated in order to characterize the power to temperature conversion of the resonator. A 20 µHz square wave modulation was applied to the VCA bias, inducing a change in incident power of δP . The temperature response from the sensor in the copper post of the cavity (see Fig. 1) was observed (Fig. 3) , indicating a thermal resistance (R th ) between the sapphire and the 4.2 K coldfinger of 134.73±0.35 K/W. The temperature change can be represented as
where a 1 and a 2 are material weighting factors, such that a 1 + a 2 = 1. For this cavity, based on the data in Fig. 3 , the dominant contributions come from the stainless steel coldfinger washer (a 1 = 0.6, τ 1 = 2200 s) and the copper cavity (a 2 = 0.4, τ 2 = 100 s). Considering the small volume and large surface area of the silver coating and noting that the specific heats of copper and silver are similar at 5 K [11] , we ignore the thermal contribution of silver. The time constant of the sapphire is already known [12] and will be less than 1 ms. For a SLC resonator operating at a small temperature offset, ∆T off , in the vicinity of the frequency/temperature turning point the temperature to frequency conversion efficiency, ∂f /∂T , can be approximated [2] as ∆T off f 0 10 −9 , where f 0 is the SLC resonance frequency. Combining this with eq. (4) gives the time dependent ∂f /∂P due to temperature effects, ∂f /∂P = f 0 ∆T off 10 −9 R th a 1 e Figure 4 shows how the beat frequency responds to stepwise change in the power incident on the resonator. There is a corresponding instantaneous frequency shift due to the change in radiation pressure followed by a gradual change in frequency as the temperature of the resonator changes. The blue dashed line is generated using Eq. (5).
Values of ∂f /∂P as a function of Fourier frequency are displayed in Fig. 5 . These were obtained via the method discussed earlier (Fig. 2) , where the power incident on the resonator is modulated by a sine wave and the resulting frequency shift is calculated from the Allan deviation of the fractional frequency stability at the appropriate integration time. As the power modulation frequency decreases the temperature control system becomes increasingly effective, data collected with active temperature control (green squares) gives a value of ∂f /∂P that is independent of Fourier frequency while values calculated from data without any temperature control (red circles) show an increase in ∂f /∂P as predicted by Eq. (5) (blue dashed line in Fig. 5 ). Given the 100 s time constant associated with the copper cavity the temperature control system is most effective at Fourier frequencies below 10 mHz. Measurements were also made with temperature control enabled at a setpoint up to 2 K away from the frequency/temperature turning point with no significant change in ∂f /∂P observed. The error bars presented in Fig. 5 do not account for uncertainty in estimating the losses in the loop oscillator circuit from prior to the amplitude detector (AD1 in Fig. 2 ) to the SLC. We have attributed a power loss of 0.5 dB for the 10 dB directional coupler, 1 dB for losses in the co-axial cables, 0.5 dB for losses in the vacuum can feedthrough and 0.5 dB for losses in the circulator. If the path was lossless then the values presented in Fig. 5 would increase by a factor of 1.4. Considering that the WGH mode of the SLC used in this work is less sensitive to ∂f /∂P than WGE modes the values obtained are consistent with previous measurements [9] .
We also attempted a second measurement technique that used a Fast Fourier Transform vector signal analyzer (FFT) to provide white noise (from 0.1 to 1 Hz) to the VCA bias and then locked the synthesizer frequency to the beat output with a Phase Locked Loop (PLL) filter and then used the FFT to compute the complex transfer function from the filter correction voltage (which is proportional to the SLC resonance frequency) to the VCA bias (which is proportional to the power incident on the SLC). From this one can infer ∂f /∂P for Fourier frequencies from 0.1 to 1 Hz, where the temperature control system has no effect. We confirm that ∂f /∂P due to the radiation pressure effect is independent of both temperature and modulation frequency. Unfortunately this method is more susceptible to sources of systematic error (due to PLL sensitivity to power variations of the CSO output) and thus likely to overestimate the magnitude of ∂f /∂P , as such the data has not been presented in Fig. 5 .
Given that the sign of ∂f /∂P caused by changes in the magnetic susceptibility of sapphire is opposite to the sign of ∂f /∂P due to changes in radiation pressure there will exist some temperature below the frequency/temperature turning point where these two effects will negate each other over the appropriate time scales. For the SLC studied in this paper, this temperature is approximately 0.1 K below the frequency/temperature turning point to allow for cancellation at a Fourier frequency of 10 −3 Hz. It could be possible to operate the CSO at this temperature without active temperature control or power control and still achieve reasonable fractional frequency stability at integration times corresponding to the suppressed Fourier frequency.
In terms of CSO performance the fractional frequency stability limit due to power to frequency conversion will ultimately be dictated by the quality of the power control system. This white noise floor imposed by the power control system can be calculated from
where α characterizes the flicker noise of the power control system amplitude detector and is found by fitting a power law of the form α/ √ F to the power spectral density of the intrinsic voltage noise floor of the detector. The amplitude detectors currently deployed in the CSO power control system utilize tunnel diodes from Herotek, Inc. (model DT8016). At cryogenic temperatures α ≈ 10 −9.6 , which assuming P inc ≈ 0.2 mW and ∂f /∂P = −0.15 Hz/mW gives a fractional frequency stability of ≈ 1 × 10 −16 . This is the current limit of CSO performance [3] , as such any further improvements will require advances to the power control system. Preliminary work shows that a room temperature microwave interferometer amplitude detection circuit [13, 14] that produces a voltage output proportional to the amplitude fluctuations of an incident signal exhibits an α of 10 −12.3 which translates into a fractional frequency stability limit of 5 × 10 −18 .
